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On the Stationary Distribution of Self-Sustained
Oscillators around Bifurcation Points

Taméas Tél

Received September 22, 1987

A double expansion in powers of the damping coefficient and noise intensity is
shown to be a powerful method for obtaining the stationary distribution of
systems that after rescaling become weakly damped conservative ones. Systems
undergoing Hopf bifurcations belong to this class. As an illustrative example,
the generalized van der Pol oscillator is considered around its bifurcation point.
A calculation is carried out up to third order in both the noise intensity and the
bifurcation parameter (damping coefficient).
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1. INTRODUCTION

Time-periodic asymptotic behavior governed by a limit cycle attractor in
the phase space is characteristic for nonequilibrium dissipative systems.
Such self-sustained oscillations can be found in different fields of physics,
electronics, chemistry, biology, and other disciplines.! © The appearance of
this temporal order via bifurcation is a phenomenon of special interest.
Around instability points the external noise may play an essential role,
which makes a stochastic description”'? necessary. The asymptotic
behavior of the system is then characterized by a stationary distribution.
To determine the stationary distribution of nonlinear oscillators around
their bifurcation points, we use a method first applied, in leading order, to
the problem of codimension-two bifurcations.!* It will be illustrated here
that the method can be developed to be a systematic one.

The procedure is based, on one hand, on a weak noise expansion,
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which has been applied in several cases for calculating asymptotic
results.'*%!3 On the other hand, it is based on the property that the
system of interest, after rescaling, can be considered as a weakly damped
conservative system with a damping constant proportional to the bifur-
cation parameter.- At the bifurcation point, therefore, the rescaled deter-
ministic system is purely conservative and possesses a conserved quantity.
These seem to be typical features of instabilities associated with Hopf bifur-
cations (and have been known for codimension-two cases®). The limit
cycle just after appearance is therefore a contour along which the conserved
quantity is constant. As a further consequence, we show that the stationary
distribution of the rescaled noisy system is constant along the contours of
constant conserved quantity. Away from the bifurcation point the
stationary distribution is demonstrated to appear as a power series in the
bifurcation parameter.

The van der Pol oscillator is one of the most extensively studied
systems in nonlinear dynamics (see, €.g., Refs. 37-40). The unforced system
undergoes a Hopf bifurcation. In the vicinity of this point the deterministic
dynamics on a sufficiently long time scale and in suitably chosen coor-
dinates can be approximately described by a normal form.®® This form
possesses a potential which is identical to the laser potential.“") The
stationary distribution of the noisy van der Pol oscillator, just like that of
other nonlinear oscillators,“? is, however, dominated by this potential in a
certain region of the parameter space only. We are interested here in how
to determine the deviation of the distribution from the rotationally
invariant one given by the potential of the normal form; therefore, we do
not want to restrict ourselves to the very vicinity of the bifurcation point
nor to asymptotically small noise intensities. It will be convenient to
study a family of oscillators undergoing Hopf bifurcations, in which the
van der Pol oscillator appears as a special case. We perform an expansion
up to third nontrivial orders in both the bifurcation parameter and noise
intensity.

The paper is organized as follows. In Section 2 a brief summary of the
weak noise expansion method is given for Fokker-Planck models. A
generalized stochastic van der Pol oscillator is introduced in Section 3, and
the rescaled problem, which at the bifurcation point corresponds to a har-
monic oscillator dynamics, is defined in Section 4. The expansion of the
stationary distribution in powers of the bifurcation parameter is performed
for this system in Sections 5-7 for subsequently increasing order con-
tributions in the noise intensity. Some technical details are relegated to the
Appendix. The explicit expression for the stationary distribution of the
generalized van der Pol oscillator is given in Section 8. The paper closes
with a few concluding remarks.
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2. THE WEAK NOISE EXPANSION

We summarize here the weak noise expansion method for the
stationary distribution of continuous stochastic processes. Let us consider a
system of n variables, — o0 < ¢’ < o0, v=1,.., n, the dynamics of which is
governed by the Langevin equation

§"=K"(q)+n"?g:¢'(t) (2.1)

where K* stands for a deterministic drift, generally nonlinear in g, and g}
are coupling constants. The noise &' is assumed to be a Gaussian white one
with (E(£)> =0, {&'(t) E/(0)) =695(¢), and 5 denotes the noise intensity.
(Summation over repeated lower and upper indices is implied.) For the
sake of definiteness, we interpret Eq.(2.1) in the sense of Ito. The
stationary distribution of the process can always be written as

P(q;n)=exp[ —P(q; n)/n] (2.2)

It has been shown!%¢?’® by means of the path integral solution of the
corresponding Fokker—Planck equation that for extremely weak noise, ie.,
for # — 0, the limit ®(g;0) = ¢®(q) exists and that the first correction to
#® is proportional to the noise intensity. It is expected, in general, that &
is analytic in n and can be represented by the series

®D(q; 1) =¢V(q) +ndq) + 6P (q) + - (2.3)

Equations for ¢ can then be easily derived from the time-independent
Fokker-Planck equation by substituting (2.3) and collecting terms of the
same order of magnitude in 5. Thus, one obtains for ¢© a Hamilton-
Jacobi-type equation:

1 86© 86© 96©
_Qvu_‘?_v ¢u K'(q) ¢v =
2 dq” 0q Oq

0 (2.4)

where the diffusion matrix is related to the coupling constants via Q" =
> g/g% For the sake of simplicity Q" will be assumed here to be a
constant. The quantity ¢®, called the nonequilibrium potential, is of con-
siderable interest in its own right. It is, e.g., the Liapunov function of the
deterministic dynamics; consequently, it must be minimal on the attractors
of the deterministic motion."%?”) On the other hand, it generalizes the
concept of free energy for nonequilibrium systems. As has been shown in
Ref. 27, the coexistence of attractors may lead to the appearance of merely
piecewise differentiable potentials. This, however, will not be the case in
systems to be studied in this paper. From the point of view of the weak
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noise expansion, ¢ is the starting point of the procedure, and is to be
determined by solving (2.4) with the boundary condition that ¢® is
minimal on the attractors.

The equation for ¢ is obtained from (2.4) in the form

g\ 060 0K 1
_¢_> o _oK,

oq* 39

09 _OK 1, T4
oq®  oq" 2

aq’ 0"

<K“ + 0™ (2.5)

This is a linear problem for ¢, or for the so-called prefactor z=
exp(—¢"), after @ has been calculated. Since the potential is constant on
the attractors, the dominating contribution to the stationary distribution
on attractors is given by the prefactor z.*%

Similarly, if both ¢ and ¢‘" are known, the third term can be
obtained by solving

©) @) 24(1) (1) A1)

(Kw+Qvua¢ >_6¢__=1Qw<8¢) 990 ) (2.6)
og* ) o 2 oq’ 0¢* 0q" dq*

We shall see that the single-valuedness of & prescribed as a solvability

condition makes the solution of (2.4)-(2.6) unique.

The main drawback of the scheme sketched above is the nonlinearity
of Eq. (2.4). Therefore, as demonstrated in Refs. 21, 26, 27, and 13, in order
to find analytic results one has, in general, to seek for an appropriate
parameter and expand ¢© in powers of it. In the case of self-sustained
oscillators this parameter can be chosen to be the bifurcation parameter.

3. THE MODEL

We consider the generalized van der Pol oscillator, the deterministic
dynamics of which is defined by the following equations“®:

X=v
(3.1)
b= —x+ v(a —yx* — 5v?)

where x and v denote the position and the velocity, respectively, of a par-
ticle of unit mass. Here «, y, and § are real parameters. The van der Pol
oscillator is recovered for 6 = 0. The case y =0 corresponds to the Rayleigh
equation,*® which can be mapped (by the transformation v - x) into the
van der Pol form with y=36. The oscillator (3.1) exhibits a supercritical
Hopf bifurcation at =0 for y+36>0, which can easily be seen by
applying van der Pol’s method of adiabatic elimination.")
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When studying the influence of noise on this oscillator it is natural to
allow for a Langevin force (of intensity #) in the momentum equation
only.“? Thus, the diffusion matrix has the form

(1)

Note that the equivalence of the cases y=0 and =0 is no longer valid,
due to the asymmetric role the noise terms play. No exact solution is
known for the stationary distribution of the stochastic system except the
special case y = §,“* when “detailed balance” holds***) and

®= —a(x>+v7) +%(x2 + o) (32)

In this case @ is independent of the noise intensity. It is thus identical with
the nonequilibrium potential and happens to be the same as the potential
of the normal form mentioned in Section 1. For y # § the quantities @, ¢,
and the potential of the normal form are different.

4. THE RESCALED PROBLEM

Scaling the parameters and the variables of the oscillator defined in
the previous section by

o= fs, s =sgn(a), n=pn

i (4.1)
x = p'7x, =1, v=p"%
and omitting bars henceforth, we obtain the equations of motion in the

form
X=v
42)
b= —x+ po(s — yx> — 6v*) + n /2!

The deterministic dynamics is thus that of a harmonic oscillator with a
nonlinear damping. It is to be noted that the amplitude of the limit cycle
now remains finite when approaching the bifurcation point from above
(s=1). Around the bifurcation point, ie., f <1, the damping is weak.
When evaluating the stationary distribution exp{ —®(x, v;n)/n], it is
therefore convenient to use the energy

E=(x*+v%)/2 (4.3)
as a new state variable. We eliminate v by

lv] =v(x, E)= (2E—x*)'7? 4.4)
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and define
@ *(x, E; )= D(x, to(x, E); 1) (4.5)

where 4 corresponds to the sign of v. In what follows our aim is to

calculate @7 (x, E; ) for the rescaled problem (4.2) and to turn back to the
original variables at the end.

5. THE NONEQUILIBRIUM POTENTIAL

The equation for the nonequilibrium potential ¢%*(x, E)=
®*(x, E;n=0) follows from (4.2) using the x, E representation of the
Hamilton-Jacobi equation (2.4), which has the following form:

|v| (a¢(0)i a¢(0)¢ a¢(0)i

=0 (5.1)

5 () +ebl e ey T o

In this and the next two sections we use |v| as a short-hand notation for
v(x, E).

The single-valuedness of the potential provides a solvability condition
for (5.1). Since the contour integral of d¢'®* along a constant E curve
must vanish, we obtain

JR(E) o0+

— R(E) Ox

dx =0 (5.2)

E

—R(E) D~
+] ¢

R(E) ox

E

for the physically acceptable solution of (5.1), where R(E)= (2E)"? is the
radius of the E=const circle in the phase space of the harmonic oscillator.
It will be seen that the solution of (5.1) is unique (up to an additive
constant) with condition (5.2).

Assuming analyticity, the potential appears as a power series in f.
Since in a conservative system the potential is constant,*2? ¢©@%(x E)
must be independent of (x, E) for § — 0. Therefore, we look for a solution
in the form

B (x, E) = BP0 (x, E) + 0% (x, E) + F0%(x, E)+ - (53)

where ¢!+ is independent of f.
After substituting (5.3) into (5.1), one finds in leading order, ie., in
order S,
0+ /0x =0 (5.4)
It is solved by
${0*(x, E) = F\(E) (5.5)

where F, is a still arbitrary function of E.
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The order f? contribution to (5.1) reads

ol (3905? N e
jhd} _ - = 5.
)+l smpw—swn B s s0 (s6)

The solvability condition (5.2) applied to ¢+ immediately determines
F{(E). From (5.2), (5.5), and (5.6) we find

Fy(E)= —2 (s—y '”,_'U_Tz—a%;) (5.7)
where prime denotes differentiation, and
AE) =— jm) A(x, E) dx (5.8)
R(E) %

stands for the phase space average of the quantity 4 along a constant £
contour. The application of the formula

S— N
o] x" =272~ 1B (”—;—2-1’%“—> Em? (59)

(m even, B is the beta function) leads to the result
——E? (5.10)

Since F,(£) must be minimal on the attractor, one recovers for y + 36 >0,
s =1 the result E,=2/(y + 35), which is the radius of the limit cycle after its
appearance (in the rescaled variables).

It is worth noting that ¢{V'* is the potential belonging to the normal
form of (3.1), expressed in the rescaled variables. Furthermore, ¢{”+ has a
more general statistical meaning, too. Arguments along the line of Refs. 46
and 12 show that the stationary distribution of (4.2) in the limit § — 0 is
exp[ —¢{¥*(E)/n] not only for n — 0, but at arbitrary noise intensity. This,
however, does not hold for finite damping coefficients.

The rotational invariance of the nonequilibrium potential is lost by
#89* already. This is in accord with the fact that the shape of the limit
cycle is destorted by increasing . By integrating (5.6) from zero to an
arbitrary x < R(E) and observing that arcsin[ x/R(E)] terms exactly cancel,
one obtains

v+ 30
2

5 E> + F(E) (5.11)



904 Tel

The function F,(E) is fixed by the order §* contribution,

0O\ fpOE  GPO
) ot a0 G

lv] (s—yxz—é o]+

to (5.1). Applying the solvability condition (5.2) for ¢{9*, one finds
Fy(E)=0 (5.13)
since the x-dependent part of ¢{V* changes sign with v. An integration of

(5.12) over x then yields

—5
PO JT (X*E[6— (119 + 218) Es + 5(y + 38)(y + 8) E*]

— x*[6—5(5y+38) Es+ (3 + 38)(1Ty — 33) E*]/4
+ xS[—(Ty — 38)s + 2(y + 38)(dy — 30)E1/6
— x8(y +38)(y — 3)/8)} + F4(E) (5.14)

The evaluation of F; is given in the Appendix and leads to a fourth-order
polynomial in E.

6. THE PREFACTOR
The equation for the g-independent term ¢"*(x, E) of the negative

logarithm of the stationary distribution is obtained from (4.2) and (2.5),
after changing in the latter to the variables x, E, as

@1 eI E a2 2
'Ul[ﬂ(S*vxz—éiulz)Jr‘b }‘ﬁ —,BS yx” =306 |v|

oE 0E |v]
|U| 62¢(0)i 1 5¢(0)i a¢(1)i_
2 0E* 2v| OE % =0 (6.1)

The prefactor z*(x, E) is then given by exp(—¢'*). Similarly to the case
of the nonequilibrium potential, the single-valuedness of the prefactor
provides a solvability condition for (6.1). Its form is that of (5.2) with ¢I'*
replacing ¢©*.

Since the prefactor can be nonzero even in conservative systems,
we set

(13,32)

P (x, E) = 9% (x, E)+ 9% (x, )+ B0 (v E)+ - (62)
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After substitution one finds that ¢{"* does not depend on x;
consequently,

$6* (x, E)=Go(E) (6.3)

where G, is an arbitrary function.
The order f§ contribution to (6.1) can be written as

|m(s—%g_ahy+ﬁ¢91>a¢wi_s—%w—sawz

OE 0E [v]
o 0% 100 ap=
2 OF* 2] OE ~— Ox

=0 (6.4)

Applying the solvability condition and using (5.5), (5k.10), and (6.2) we
obtain

x? 36
e o) Gom ~ L Tl 4y (m P2 <| |>E (6.5)

The right-hand side turns out, according to (5.9), to be zero. Thus,
Go(E)=0 (6.6)

ie., there is no rotationally invariant contribution to the prefactor. The
integration of (6.4} over x then yields

PiV* = +3(y — 6)x [vl + G, (E) (6.7)

after arcsin terms cancel again. As in the case of ¢+, the solvability
condition applied in order 2 leads to

G{E)=0 (6.8)
and one obtains, after integration,

p= <=0 360413y 4 335) X2E+ (137 + 158) x*1+ Go(E)  (6.9)

From the next order equation in § we find G,(E) to be proportional to E?,
as shown in the Appendix.
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7. THE NEXT CORRECTION IN THE NOISE INTENSITY

In the variables x, E the equation for ¢‘** takes the form

a¢(0)iJ 5¢(2)i IUI a2¢(1)i

ol [ﬂ(s—vxz—é 012) +

OFE 0E 2 JE?
1 a¢(1)i |u| a¢(1)i 2 5¢(2)J_r
S — — =0 7.1
210] 6E+2(6E> ox (7.1)

with a similar solvability condition as for ¢©* and ¢+,
By setting

PO (x, E)= % (x, E) + Bo(* (x, E) + PP+ (x, E) + - (1)

we find that ¢{’* may depend on E only. The order f§ contribution to (7.1)
then fixes this dependence to be a constant, and yields

¢ (x, E)=1,(E) (7.3)

with an arbitrary I,.
The use of (6.6)-(6.9), (A.6), and of the solvability condition applied
on the order B2 part of (7.1) leads to the result

I(E)=0 (1.4)

according to which the first nontrivial term in ¢®* can be ¢P+. By
integration one finds then (arcsin terms cancel again)

—5
POt = inzé— 3(35y + 570)x |v] + L(E) (7.5)

The function 1, is to be determined by the order 8 contribution to (7.1). In
this equation @¢{’* shows up, which we have not calculated. It is, however,
sufficient to know that ¢{* and ¢{V'* are odd functions of v (as follows
from the results of the previous sections and of the Appendix) to see that

I(E)=0 (7.6)

is the restriction provided by the solvability condition.

8. THE STATIONARY DISTRIBUTION

The formulas of Sections 5-7 and of the Appendix together with
Eq. (2.3) provide an expression for the stationary distribution of (4.2) valid
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up to third nontrivial orders in § and #. Since the degree of the polynomial
contributions ¢¢/* (x, E) increases linearly with i, we obtain in the rescaled
variables

E<f™', x<p™'? (8.1)

as a condition for the validity of the f-expansion. This is, however, not a
very strong restriction, since the dominating part of the distribution, that
around the deterministic attractor characterized by an E of order unity, lies
well inside this region. Therefore, in cases when the distribution is
normalizable, the results obtained give also a global approximation for the
stationary distribution.

The stationary distribution of the generalized van der Pol oscillator
can be obtained by turning back to the original variables. By inverting the
transformation (4.1), different § factors appear in different polynomials,
leading to a rearragement of the series. The highest order polynomial of
¢+ always gives f-independent terms, i.e., terms that do not vanish at the
bifurcation point. It is to be noted that no singular contributions (with a
negative power of §) show up, due to the fact that g{'*, g+, {¥* are
irrelevant. The contributions to the distribution are thus obtained as

36 -9 /
¢ (x, v) =y—_%——E2—XT~ [(y +36) (xv3E— 5(y +6) x*E?
17y—=36 , , 49-=36 (. y—0 4
1 x*E 3 X E+—8—x
1 (359 , A
+ m(“:;—)) + 626y6 + 7539 )E}
—0 23y + 499
—oc2E—i—ocZ4—[2xv34——7)—-;——E3~(11y-l-215))c2E2
5(5y+ 36 Ty —36 —
+ (y;— )x4E— v63 x6]—a2——-y853(E2—4x2E+x4)
(8.2)
-0 35y + 576 13y + 156
S(x, v)=y—8—[6xv+—y—Jr———E2—(13y+335)x2E+—t£—x4]
-0
+a?8 9?2 (83)

y
$(x, v) JTzs_ 3(35y + 578) xv (8.4)
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The energy E = (x* +v°)/2 has een used here as a short-hand notation.
The restriction (8.1) is now replaced by

x,v<l (8.5)

The dominating part of the distribution is situated in a region where x, v
are of order o'

An essential feature of this solution is to be emphasized. Although the
weak noise expansion applied in the rescaled variables would imply [see
(4.1)] n=n/la| <1, the applicability of expressions (8.2)-(8.4) with
Eq. (2.4) is much broader; they are valid for arbitrary small values of o and
5. This property has been suggested by the fact that ¢‘/(x, v) is found to be
analytic in o, but it can be shown by more rigorous arguments, too. The
Hamilton—Jacobi equation (2.4) of the original problem formulated in Sec-
tion 3 cannot be solved by an w-expansion, since no analytic results are
known for the nonequilibrium potential at « = 0. It is possible, however, to
make an expansion in powers of ¢ = (y — 8)/(y + 8), since for y =9 an exact
expression holds. It has been shown® that this e-expansion is valid for
arbitrary o, and for « < 1 our results are recovered. On the other hand, a
direct substitution of (8.2)~(8.4) into the weak noise expansion equations
(24)-(2.6) of the original problem proves that (8.2)-(8.4) are indeed
polynomial approximations for ¢'?, ¢, ¢ of the generalized van der Pol
oscillator and are valid also at a=0.

It is worth comparing the results with those obtained by other
methods. A direct polynomial approximation for the stationary distribution
has been applied in Refs. 39 and 40. In the general case y, § arbitrary, only
the (y — &)-independent part of ¢ and the first term of ¢*) have been
given.“” For the special case y=0, d=1, ¢© and ¢ have been
calculated®® up to fourth- and second-degree polynomials in x, v, respec-
tively. These results are in agreement with ours. But, as mentioned above,
we do not see any reason to restrict the expressions to certain regions of
the parameter plane «, #, in contrast to Refs. 39 and 40. The comparison
also suggests that the method applied here is more powerful than a direct
polynomial approximation, especially close to the bifurcation point, where
high-degree polynomials give the main contribution.

Finally, we note that the results also illustrate how different the
stationary distribution of a certain problem and of its rescaled version can
be due to the fact not only the variables, but the noise intensity should be
rescaled as well.

9. CLOSING REMARKS

It is to be mentioned that no polynomial ansatz has been incorporated
in our method. We have thus proved that ¢'(x,v) with j<2 is a
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polynomial. A similar rule is conjectured for j arbitrary. This simple struc-
ture seems to be a consequence of the harmonic oscillator dynamics
obtained for f=0. In more complex cases, e.g., for a nonlinear oscillator
governing the dynamics at a codimension-two bifurcation, the logarithm of
the stationary density is not a polynomial."* In general, a polynomial
form that can be an appropriate local approximation is not expected to be
a correct global form, especially if coexisting attractors characterize the
deterministic system.

A crucial feature of the method we applied is the property that the
deterministic system of interest, after rescaling, becomes at the bifurcation
point a conservative one. Close to this point, i.e., at weak but nonvanishing
dissipation, the equipotential lines of the nonequilibrium potential turn out
to be approximated by the trajectories of the conservative system. A
necessary condition for the applicability of the method is the existence of
closed trajectories; otherwise the density associated with the non-
equilibrium potential is not normalizable. If this condition holds, the
double expansion in powers of the noise intensity and the bifurcation
parameter can be a powerful method for determining stationary
distributions.

APPENDIX

A1l. Calculation of F,

The solvability condition (5.2) applied for the B* contribution to
Eq. (5.1) yields

ol (@¢©*/OE) +Tol (s — 73" —3 [o]> + 0410% OE) 360 J0E=0 (A1)

Substituting (5.10), (5.11), and (5.14) into (A.1), one finds an equation for
Fi. A straightforward but tedious calculation with subsequent applications
of (5.9) leads to the equation

[—2s+ (y+38)E] F3(E)=2(E) (A.2)

where & is a fourth-order polynomial. Since 2(FE) turns out to be divisible

by [2s—(y+36)E], one obtains a polynomial expression for Fj in the
form

3, 23y4495
F’3(E)=(y—5)[~-§E2+—v;7—E3s

1 /359
T (-‘3— y2 4+ 62695 + 75352> E‘il (A.3)
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A2. Calculation of G,
The order f* contribution to Eq. (6.1) reads

o (S B0 )

0E OE 0E OE

¢(1)+
+1o] (s—yx* =6 [v]?) —0—

ol %= 1 5¢(3O)i ogih*
2 T8E? T 20| GE T ox

=0 (A4)

The application of the solvability condition and Eq. (5.9), after some
algebra, leads to

[—2s+ (y+30)E] G5(E) = A(E) (A.5)
Since Z(E) happens to be proportional to E[2s— (y+ 3d)E] we obtain

35y + 576 2

Gy(E)=(y—90)——— (A.6)
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