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CHARACTERISTIC EXPONENTS OF CHAOTIC REPELLERS AS EIGEN VALUES
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A new typeof eigenvalueproblemis introducedwhosesolutionprovidesa spectrumof characteristicexponentsfor chaotic
repellersor semi-attractors.In explicitly tractableexamplesthisspectrumcoincideswith that of thegeneralizeddimensions.The
eigenvaluesforma continuumoffractalmeasureswith asmoothdensityalongunstabledirections.

It hasrecentlybeenobservedthatstrangesetscov-
eredby a probability distribution possessin general p,,+ 1(x’) = ~ P~(x)
a wholespectrumof characteristicexponents:gener- ~f~c~) If’ (x) I (1)
alized dimensions [1—4] or, equivalently, scaling has a unique nontrivial limiting distribution
indices [5—7].A multifractal analysisreflectingthis P(x)= ~ P~(x),onlyif D0 is thefractaldimen-
featurehasalreadybeenappliedto the problemsof sion of the repeller.P(x) is thenthe stationarydis-
fully developedturbulence[5,6], diffusion limited tribution on the coarsegrainedrepellerdetermined
aggregates[8]., certainrandomsystems[9] andcha- by a finite resolution. Furthermore,it is known
otic attractors[7,10,11]. [17,18] that thereexistsanotheriterationscheme,

Besideschaotic attractors,however, there exist namely
otherimportantinvariantstrangeobjectsin dynam-
ical systems.Thesearetheso-calledchaoticrepellers C~(x)
[12], or if theyare partially attracting,semi-attrac- C~+1(x’) =q ~ If’(x) I (2)
tors [13], responsiblefor transientchaoticbehav-
iour (seee.g. refs. [12—14]andreferencestherein), which convergesto a finite C(x)>0 for q=exp(a)
The concept of transientchaosand of the related only, wherea is the escaperate.Thelatterquantity
phase-spaceobjectis ofgreatintereston its ownright characterizesanexponentialdecayin thenumberof
but it may alsoplay a role in otherfields of physics, pointswhich havenotyet escapeda neighbourhood
like e.g. the theory of disorderedsystems,where oftherepeller[12]. ThefunctionC(x) is thedensity
invariant Cantorsetshavebeenfound to show up of theso-calledconditionallyinvariantmeasure[18].
[151. Eqs. (1) and(2) suggestthat therearetwo quali-

In thispaperwepointout, by extendingthe results tatively different waysof compensatingthe escape
of refs. [16] and[17], thatcharacteristicexponents from a repeller.Both equationsariseby dividing the
of chaotic repellers or seiñi-attractorsappearas right-hand side of the Frobenius—Perronequation
eigenvaluesofcertainlinearequations.Thisfactmay [191 (whichdescribestheoutflowofprobabilityfrom
providea simplemethodfor determiningthecom- a neighbourhoodof the repeller)by certainfactors.
pletespectrumoftheexponents. In the first case the local escape factor [16]

Let usconsiderfirst chaoticrepellersgeneratedby exp[ — a(x)] If’ (x) I Do—I is to be applied,while
one-dimensionalmapsx’ =f(x), wheref is a single in thesecondcasetheglobalescapefactorexp(— a).
humpedfunction. It was shown in [16] that the It seemstobeplausiblethata simultaneouscompen-
equation sationof localandglobal escapeis alsopossibleand

leadsto a setof neweigenvalueproblems.In fact, as
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suggestedby numericalinvestigations,for any posi- tively, are recoveredfrom (6). Moreover,sincethe
tive numberRthereexistsonesingleexponentE (R) stationarydistribution P(x) is constant,the spec-
sothat theequation trum of generalizeddimensionsDq [2,3] can be

directlycalculatedfor thecoarsegrainedrepellerand
one finds that Dqr coincides, for all r, with the

~ (x’) =R x~f~(x)If’ (x) I E(R)’ eigenvalueD(r) of eqs.(3), (4).

0 <R< ~ (3) At present,it is anopenquestionwhetherthespec-
traD(r) and~ areidenticalalso in moregeneral

possesses a unique nontrivial limit solution cases.Thefollowing preliminaryresult at leastdoes
~(R) (x) = 1im~_,~.~ ~R) (x) for the class of smooth not contradictthis possibility. We haveinvestigated

positive initial functions~ (x). The limit ‘~(x) thequadraticmapx’ = 1—ax2in the regiona> 2. By
will alsobesmooth.The existenceof eq. (3) andof usingthe dataobtainedin ref. [171 for the escape
thespectrumE(R) arethemainresultsofthispaper. rateandconsideringD( 2) tobeafreeparameter,eq.
As we shall see,analogousstatementscanbe found (3) wasiteratedfor r= 2 with aconstantinitial func-
for higherdimensionalmaps,too. tion. As longasD(2) wastoo small (large)Q~2~(x)

In what follows, anotherrepresentationof the monotonouslydecreased(increased)with nata fixed
spectrumwill be used which makes the relation x. If, however,D(2) was appropriatelychosen,a
betweeneqs.(3) and(2) moreexplicit. Namely,we rapid convergencewas found (just like in the pre-
write viousexample).We usedthis factto obtain a lower

R~exp(ar), E(R)Er+(l—r)D(r) (4) and upperbound for D(2) as the values where
IQ~2~(x)—QY~(x)I < with a small e. A compari-

which definesthe characteristicexponentsD( r) for sonof theresult obtainedfor D( 2) with thecorrela-
— ~ < r< cx. Thecorrespondingfunctionsappearing tion exponentD

2 [2,3,201 calculatedby a direct
in the eigenvalueproblem (3) will thenbe denoted numerical method [211 shows agreementwithin
by Q~’>(x). It isobviousthatD( 0) = D0,andQ~ P, computationalerror (seetable 1). Furthermore,it
~ has beenfound that D(r), as well asD0~,varies

As anexplicit example,weconsiderthemap extremelyslowly with r in the region0 ~r~2.
We now investigateinvertible maps of the plane

f(x) = 1 —a1x, x> 0, x’ = T(x) producingchaotictransients.At nearlyall

= 1 +a2x, x< 0, (5) pointsofchaotictrajectoriesa stableandanunstable
directionexists [22,231.Let ‘~‘I(x) denotethe local

wherea1,a2> 1 anda ~ +a~ I <1 sothat a chaotic coefficient of expansion [24] along the unstable
repellerexists.Theevolutionof a linearinitial func- direction.This quantityplays the samerole now as
tion Q~/)(x) = y~r)x+/3~,’~canbe followed exactly. f’ (x) in one-dimensionalcases.Thegeneralization
Theresult isof the sametype: Q ~r)(x) = y~[)x+fl~[~. of eqs. (3), (4) canbe mostconvenientlyformu-
A nontrivial limiting function for n—occ can be latedin termsofcertainmeasures,~ whichwe call
reachedonly if fl~[)—~0 which requiresthe exponent r-measure(the analogueof JxQ~,r)(~)dy), andhas
D( r) tobethe solutionof theequation theform

e~(a—r+(r— 1)D(r) +a~_t+(r_I)D(r)) 1 , (~(r)) =e~T(i.t~~’~~ (x) I” —r)(1 _D(L)(r)))

—~<r<~. (6) —x<r<c~. (7)

It is easyto seethenthat all y ~ tendto zero (expo- Here,j4 r) standsfor the r-measureof a tiny regionB
nentially fast). Consequently,the Q(r) (x) are con- arounda point x1 lying in the neighbourhoodof the
stant.The stability of this solution in the spaceof semi-attractor,andthe inducedmap in thespaceof
nonlinearsmoothfunctionscanbecheckednumeri- measureshas beendenotedby T, too. The new r-
cally. For r= 0 and r= 1 the results for the fractal measure(~~))~belongsto the region T(B) around
dimension[161 andfor theescaperate[17], respec- x~.The transformationis then to be repeatedafter
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Table I
TheexponentD(2) as obtainedfrom theeigenvalueproblem(3), (4) in comparisonwith thecorrelationdimensionD

2 calculated
numericallyin ref. [211. Theerrorfor bothtypesofdatais: ±5 X1 0~’.

a 2.01 2.02 2.03 2.04 2.05 2.06 2.07 2.08 2.09 2.10
D(2) 0.960 0.942 0.926 0.915 0.905 0.894 0.885 0.877 0.870 0.863
D2 0.955 0.939 0.926 0.911 0.905 0.890 0.885 0.876 0.869 0.863

dividing thesupportof thenewr-measureinto areas Among them the naturalmeasure~ is of special
whereA1 (x) canbe regardedasconstant.A nontri- importancesinceits restrictionto thecoarsegrained
vial limit will beapproachedonly at asinglevalueof repeller yields the stationary distribution on this
D ~ (r) fora given r. Thesuperscript1 is to express strangeset.Calculatingthe generalizeddimensions
the fact that the spectrumbelongsto the unstable of this stationary distribution, we find that
directionalongwhich escapeoccurs.In the special D°~( r) = D~2r,where ~ is the partial order-q
case r= 0, ~t (O)* obtainedfor n—~is the natural dimension[23] alongthe unstabledirection.
measuredefining the stationarydistribution on the Furthermore,all limiting measuresp(~possess
coarsegrainedsemi-attractor,andD ~ (0) becomes their own spectrumof generalizeddimensionsalong
the partial fractal dimensionalong the unstable thestablex direction. So, to any r belongsa set of
direction [16]. The iteration for r= 1 leadsto the partial dimensionsD~

2~(r)—oo<q<oo.They are
conditionallyinvariantmeasure[17,18]. foundtobethe solutionsof

In orderto give anontrivialexamplewe consider r j’,.~q (I—q)D~(r) + ~

a generalisedversion of the Bakertransformation L / a L ~. /J —

[22] introducedin ref. [16]. Thedynamicsisdefined (11)
by Note that D~2~(r) dependsstrongly on r, and im-

Y’ SY~ Y<C.~ plicity (cf. eq. (10)) alsoon D~(r).

= — t( 1 — y) ~> ~ This exampleillustratesthat thereexistsa whole
rangeof measuresrelatedtochaoticsemi-attractors.

X’ =WC, Y<C, They appearas eigenfunctionsof the eigenvalue

=l/2+bx y>c (8) problem (7). All measuresare smooth along the
unstabledirectionbutshowfractalfeaturesalongthe

where0<a,b, c<l/2 andsc,1(1—c)>!. Thelatter stableone.
conditionensuresescapealongthe unstabley direc-
tion. Startingwith theLebesquemeasureon theunit Stimulatingdiscussionswith PeterSzépfalusyand
squareanapplicationof eq. (7) yieldsther-measures StefanThomaearegratefullyacknowledged.

o’(r) =es_r+(T_D(~1~
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