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FRACTAL DIMENSION OF THE STRANGE A~1RACTOR
IN A PIECEWISE LINEAR TWO-DIMENSIONAL MAP
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We calculatethe fractaldimensionof thestrangeattractorin themapx’ = ax — sgn(x)+ bz,I = x. The methodis based
on theconstructionof theunstablemanifoldsof period-twopoints.Thecritical casecharacterizedby heteroclinictangents
is investigated.

Thefractal dimension[1,2] isa basicpropertyof attractorconsistsof parallelstraightline segmentsonly
strangeattractors.Therehavebeenseveralattemptsfor (fig. la).
theestimationor numericalcalculationof this quantity Thispropertyfollows fromtheequationsdescribing
in different chaoticsystems[3—12]. Since it hasbeen theinvariant curvesof periodicpointsof (1) [18]:
recognizedthat for piecewiselineartwo-dimensional * *f.~

1(z) f(z) + bf. — l(z), i = 1, ..., n . (3)mapsanalyticcalculationsbecomepossible[13—18],
it is naturalto searchfor an exactlysolvableexample Theyexpressthat the invariant curvex = f/” (z) around
amongthis type of maps. theperiod-npoint G. is mappedontox f4 1~z),the

Thewell-knowntransformation invariant curve aroundG1+1,the next elementof the
n-cycle.In our casethefixed pointsH1 &‘2~~: (x*

x f(x)+bz, z x, (1) 1 *
= ±(a+ b — 1)— , x ) lie outsidethe strangeattractor

describesa broadclassof two-dimensionalmaps;with (fig. ib). Theyplay a similar role asthefixed point
a quadraticfit reducesto the famousHénonmodel H_ of the Hdnon model [4] or of the piecewiselinear
[19,201.Thepiecewiselinearmapspecifiedby f(x) map introducedby Lozi [13]. The period-twopoints

1 — aIxi [13—15]showsin thestructureof its invari- F1(2): (x÷= ±(1+ a — b)—
1,—xi), however,do be-

antcurvesatopologicalsimilarity to thatof the Hénon longto thestrangeattractor.Writing the branchof the
model[16—18].Forfinding, however,a strangeattrac- invariantmanifold goingthroughF

1 (2) in the form
tor the fractaldimensionof which canbe easilycalcu- *f (z): xx~+X(z+x+) (4)
lated,it is moreconvenientto considerthe mapde- 1(2) - —finedby thefunction wheretheupperindexbelongstof~,we obtainfrom

f(x)=ax—sgn(x), (2) (3)
X=a+b/X, (5)

wheresgn(x)denotesthesign ofx. Inspite of the fact
that theone-dimensional(b = 0) limit of the two piece- whichhastwo solutions
wise linearcasesare quitesimilar, the two-dimensional Au(s) [a ±(a

2 + 4b)1/21/2 (6)
extensionsdiffer qualitatively.An essentialnewfea-
tureof themap associatedwith (2) is that its strange Restrictingour considerationsto the regiona> 1 — b,

AU (with thepositivesign) is greaterthan 1, while A~I
Onleavefrom Institutefor TheoreticalPhysics,Eötvös <1. Therefore,thebranchwith XL~belongsto the un-
University,Budapest. stablemanifoldof F

1(2),while thatwith A
5 to the
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the newbranchesrun parallelto the first one.A simi-
x lar argumentationshowsthat theunstable(stable)

manifoldsof the fixed pointsandotherperiodic
a) points,too, consistof straightline segmentswith

/ slope Xl~(As) only.
1 1 The strangeattractorobtainedin thecomputer

~9’ t~ / ~ I simulationis relatedto theunstablemanifoldsof the
// /

period-twopoints.Fig. lb showsa few branchesof/ theunstablemanifoldofF1 obtainedby the method(/4~ sketchedabove.It is anasymmetricobject.Together

III/
with its invertedimage,however,they give alreadya/ // 1 goodapproximationof the numericalresult (fig. 2c).
Similarly asin othercases[4,21,22], thestrangeattrac-

/ ~ tor is expectedto bethe closureof the aforementioned
.7 ,I unstablemanifolds.

/ The constructionmakesit possibleto calculatethe
fractaldimensionof the strangeattractor.We proceed

as follows. The first branchgoingthroughF1 intersects

thex axis atP10 : (c*, 0), where

x c’ = (1 + Au)x~= 1 + c*b/XU (7)

while that going through F2 at F10: (_c*, 0). We shall

point F, and P~1~stands for the nth image ofF10. The
map (1), (2) is linearwithin onehalf-planeonly, there-
fore, the validity of (4) is restrictedtoz ~ 0 in the
caseof fj~andto z~ 0 in the caseof f~.The inverse
functionsare thusdefinedfor z ~ c’~andz — c’, re-

b) ,,,~ ~ H 1 usethe conventionthatPdenotesthe inverseof the
spectively,andthis meansthrough(3) that the right

Z endpointof the branchgoingthroughF2 isP11: (ac*

— 1, c*), while the left end-pointof the otheroneis

i~Furtherstepsdo notcreatesegmentsoutside
thesebranches(seefig. 2a—c),they arethe outermost
linesof the strangeattractor.Startingwith (4), eq.

(3)generatestwo newbranchesP1,2P2~ and~2
H2 wherethex-coordinateof P2,0 is given ~y 1 — c*’b/Au,

which formthe innermostlines of thestrangeattrac-
tor.Thus,theregionoutsidethebandP10P1,1P1,2P2,0
andits invertedimagecannotbelongto the strangeat-

Fig. 1. (a) The strangeattractorof map (1), (2) obtainedin a tractor. To find sucha forbiddenregimeis essentialin
numericalsimulationafter 3000points,a = 1.35, b = 0.5. (b) calculatingthe fractaldimension.It follows from (7)
Thefirst branchesof theunstablemanifoldsof F1 asobtained that thewidth of thebandsis 2c*b/ [AU(1 + Au2)1/2],
after 3 stepsof construction. q = b/Ar’ timesthewidth of theparallelogram

~i o~’i1P10P1 ~. Their area is 2c*
2b, b timesthe area

of’P
10’P11~10P11,in accordancewith thefact that

stableone.As the inverseof the first branchhas a themodulusof thejacobianof themap is b. The new
slope1/A, eq. (3) generatesnewstraightline segments branchesgeneratedby (3) in the nextstep intersectthe
with a slopea + b/A,but,dueto (5), this meansthat x axisat ±[1±(1 — c*b/A~~~)b/Al.~].Sincethe imageof
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Fig. 2. Simultaneousconstructionof theunstablemanifolds
/ of theperiod-2points.The shadedregiondoesnot belong

to thestrangeattractor.Dottedanddash-dottedlines denote
7 theimagesof thesegmentsP1,0P1,1 , F~,0P1,1and

P1,0P2,0,respectively(a = 1.35,b = 0.5).

the forbidden region is again forbidden, the bands In N~
coveringthe strangeattractorafterthis stephavea d = urn
width 2c*(l + X~’~

2)~I2q2 and an area 2c*2b2. After fl—boo 1nd/e~
n stepsweshall havebandsof width 2c*(l = 2 ln[a/2 + (a2/4+ b)1!2] — ln b 8
+ Xu2)—l/2qfl andof a totalarea2C*2bfl. Takingthen ln[a/2 + (a2/4 ÷b)1!2] — in b
smallsquaresof side e,~,e~ q ~l, the areacanbe
coveredbyN~suchsquares,whereN~ (b/q2y1. For smallvaluesof b d behavesas 1 — in a/Inb.
Thus,weobtain for the fractaldimension Wehaveto emphasizeherethat it doesnot follow

from the argumentationthat the fractaldimensionof
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H

Fig. 3. Stablemanifoldsof thefixed pointsand of theperiod-2points(thin lines)asobtainedafter4 stepsof construction.The
dotted lines form partsof thepreimagesof thez axis.Homoclinic intersectionswith theunstablemanifoldsof theperiod-2
pointscanbeobserved.Theparametersareason figs. 1, 2,

a cross section of the strange attractor would be d — 1. Abovea~transverseheteroclinicpoints appear,the

A similar situationis expectedin moregeneralcases, unstablemanifoldsof F1, F2 do not remain confined
too. to the regiondefinedby the stablemanifoldsof H1,

The stablemanifoldscanbe constructedin an H2, the strangeattractorceasesto exist. The critical
analogousway. As they aretheunstablemanifoldsof the casea = a~hasan importantmeaning.This corre-
the invertedmap which afterthechangex ~ —z is spondsto the two-dimensionalextensionof thediadic
given by map (or Bernoulli shift)x’ = 2x(mod 1). It follows

from (8) that at a given b thestrangeattractorpos-x f(—x)/b+z/b, z x, (9) . ‘ .

sessesits greatesfractaldimensionata~.Fig. 4 shows
theconstructiongoesalongthe samelinesas that dis- d(a a~)asa function of b.
cussedabovebutnow (9) is to be usedratherthan Finally,we note that in our casethe Lyapunov
(1). Fig. 3 showsthe stablemanifoldsof thefixed
pointsandperiod-twopoints,aswell as,the strange ________________________________________
attractor.The stablemanifoldsof thefixed points, d I I

similarly asthatof H_ of the Hénonmodel or of the C 8
otherpiecewiselinearcase,determinethe attracting
regionof the strangeattractor. 1 6

By varyingthe parametersof themap,thestruc-
ture of the strangeattractorchanges,andits fractal 1 4

dimensionis changedaswell. Increasinga at a fixed
valueof b, a critical configurationis reached,at a I 2

certaina~,wherethe pointsP1,~just touch the
branchof the stablemanifold of H1 which goes

throughthe fixed point. A straightforwardcalculation ~. 2 0. 4 ~. 6 0. 8 b
gives

= “el I~\1/2 qo~ Fig. 4. Thefractal dimensiongivenby eq.(8) ata~ 2(1

— -‘ ‘ ~ — b)”~asafunctionof b.
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