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Advection of Active Particles in Open Chaotic Flows
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We investigate the evolution of active particle ensembles in open chaotic flows. The active processes
of the type A 1 B ! 2B and A 1 B ! 2C are considered in the limit of weak diffusion. As an
illustrative advection dynamics, we choose a model of the von Kármán vortex street, and show that the
backbone of the active processes is the fractal structure associated with the passive dynamics’ chaotic
saddle. This fractal dynamics leads to singularly enhanced concentrations, resulting in a distribution of
products that differs entirely from the one in conventional active processes. This may account for the
observed filamental intensification of activity in environmental flows. [S0031-9007(97)05034-5]

PACS numbers: 05.45.+b, 47.52.+ j, 47.70.Fw
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There has been recent interest in the advection of act
particles in chaotic hydrodynamical flows [1]. By active
particles, we mean tracers that undergo certain chan
due to, say, chemical or biological interactions, but d
not modify the underlying flow. By chaotic, we mean
time-dependent, nonturbulent velocity fields with chaot
tracer dynamics (Lagrangian chaos) [2]. The motivatio
is to understand the new features of chemical or biologic
processes induced by the underlying chaotic dynami
and their implications to environmental flows, such a
ozone reactions [3] or population of microorganisms in th
sea [4].

In contrast to previous investigations restricted to flow
in closed regions, our aim is to consider a class of tw
dimensional open flows in which the velocity field in the
far upstream and downstream regions is uniform but no
stationary in a bounded region. A well-known laborator
example is the flow around a cylinder. Similar situation
can be observed in environmental flows, such as the flu
motion in the wake of a pillar or the motion of air be-
hind an isolated mountain. A unique feature of such op
flows with asymptotic simplicity is the pronounced an
stable fractal character associated with the chaotic tra
dynamics [5–8], which is clearly measurable in exper
ments [9]. This tracer dynamics is governed by a nona
tracting chaotic saddle [10] containing an infinite numbe
of periodic and nonperiodic bounded tracer orbits whic
never reach the far upstream or downstream regio
These regions are, however, foliated by the saddle’s sta
and unstable manifolds, respectively. Although both th
saddle and its manifolds are not space-filling fractal o
jects, the unstable manifold is the avenue of long-tim
propagation and transport of tracers in such flows [5–9]

The activity of the advected particles is assumed to
a kind of “infection” leading to a change of properties i
they come close enough to each other. Particles with n
properties are the products. We argue and show in t
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Letter that, in the limit of weak diffusion, there is anen-
hancementof activity around the chaotic saddle and it
unstable manifold since it is there where the active tra
ers spend the longest time close to each other. Then
the products are passively advected, they trace out the
stable manifold. (The enhancement of activity is mea
in comparison with nonchaotic, e.g., stationary, flows
Characteristic quantities associated with this process
the escape ratek from the saddle and the unstable man
fold’s fractal dimensionD0.

In this Letter, we also show that the distribution o
products follows anontrivial dynamicsthat can be derived
from the properties of the passive advection and of t
interaction rule of nearby particles. In particular, w
point out that a steady state of finite productivity sets
after a sufficiently long time. Moreover, the newly bor
active tracers cover the branches of the unstable manif
approximately uniformly with an average width́p in the
steady state. This implies that, on linear scales sma
than´p, fractality is washed out, but a clear fractal scalin
of the material can be observed on larger scales with
samefractal dimensionD0 as that of the unstable manifold
in the passive flow. As a consequence, the different
equation derived here for active tracer ensembles has
fundamental and novel feature of containingirrational
D0-dependent powers of the number of product particle
signaling asingular enhancement of productivity. This
singularly enhanced rate of activity has profound practic
consequences. It may account for the observed filame
patterns of intense activity in environmental flows [3], a
effect that cannot be explained if one considers diffusi
processes alone.

To fix a frame of mind for our discussion and analysi
we consider the activity in the flow to be of chemica
origin. To be specific, we consider simplekineticmodels
[1] where two passively advected particles of differe
types undergo a reaction if and only if they come within
© 1998 The American Physical Society
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distances, which is the interaction range, and can also b
considered as adiffusion distance. We study both (i) an
autocatalytic processA 1 B ! 2B, and (ii) a collisional
reactionA 1 B ! 2C. ComponentA will be considered
as the background material covering the majority of th
entire fluid surface. For computational simplicity we
assume that reactions are instantaneous and take plac
integer multiples of a time lagt. An important parameter
is n  kt, the number of reaction events occurring o
the characteristic time of chaos. The case of continuo
time reaction is obtained in the limitt ! 0 sn ! 0d and
s ! 0. For generality, we also investigate cases whe
n is of order unity which is of relevance for biological
processes accompanying advection [11].

The flow chosen to illustrate these phenomena is t
von Kármán vortex street in the wake of a cylinder [5–9
The radiusR of the cylinder and the periodT of the flow
are taken as the length and time units. For simplicity, w
use an analytic model for the stream function introduce
in Ref. [6]. This model has been motivated by direc
numerical simulations at Reynolds number 250, and h
been used successfully to reproduce qualitative features
the tracer dynamics. The escape rate of particles in t
reaction free flow isk  0.36 and the fractal dimension of
the unstable manifold isD0  1.61, while the background
flow velocity isy0  14 [6].

In order to simplifynumericalcalculations, we project
the tracer dynamics on a uniform rectangular grid of la
tice sizé 0 # s, covering both the incoming flow and the
mixing region in the wake of the cylinder. If there is a
tracer inside a cell, it is considered to be in its cente
With this projection the tracer dynamics defines a ma
ping among the cells. If a tracer starting from the cent
of a cell is advected into another after timet, then the lat-
ter cell is considered to be the image of the first one wi
respect to the dynamics [12]. One iteration of the ma
ping consists of advection followed by an instantaneo
chemical reaction on this grid of cells. The simulation en
tails a repeated application of these steps.

(i) For autocatalytic reactions,a cell is considered to be
occupied by reagentB if it is an image of at least oneB
cell. Otherwise, the cell is considered to containA. In
addition, if a cell containsB at the time of the reaction,
all of the eight neighboring cells are infected byB. Con-
sequently,́ 0 plays the role of the interaction ranges in
our simulation. Initially, we introduce a seed of reagen
B, typically upstream from the cylinder. Figures 1(a) an
1(b) display the spreading ofB (black) in the course of
time. Note the rapid increase of theB area and the forma-
tion of a filamental structure. The inset in Fig. 1(a) show
the number ofB particles in the computational domain a
a function of time. After approximately four periods, the
chemical reaction takes the period of the flow and reach
a steady state. While in Fig. 1(b) theB distribution has a
rather scanty appearance, right after the autocatalytic re
tion [as shown in Fig. 1(c)], most of the filaments of th
e
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FIG. 1. Autocatalytic reaction: Time evolution of a square
shaped droplet ofB particles (black) in the background ofA
particles (white) fort  0.2 sn  0.072d, ´0  0.01, and at
times (a) 0, (b)2 (before the reaction), and (c)2 (after the
reaction). Inset in (a) shows the numberN of B particles as a
function of time.

manifold look wider. The two pictures correspond to two
different coverages of the fractal manifold. The sudden in
crease of the coverage width at discrete times is due to o
modeling of the chemical reaction as a “kicked” process
In the steady state, the reaction products are apparently d
tributed in strips of finite width along this manifold, and the
B particles trace out a stationary pattern on a stroboscop
map taken with the periodT ; 1 of the flow. On linear
scales larger than the average width´p, theB distribution
is a fractal. Figure 2 shows how the area of the black re
gions, right before the reaction, depends on the grid siz
´0  s. We find a scaling behavior with exponent1.64,
which is consistent with the unstable manifold’s fractal di-
mensionD0  1.61 (cf. Fig. 2).

(ii) For collisional reactions,the cells are iteratedback-
ward in time, and the occupation of the neighboring cells is
monitored. If, among the neighbors of the preimage, ther
exists a cell with eitherA or B, differing from the con-
tent of the preimage cell, then the original cell become
C, just as if the preimage cell itself containsC. Initially,
the flow consists of materialA, into which we introduce
B continuously along a line segment perpendicular to th
background flow in front of the cylinder. Figure 3 dis-
plays a typical snapshot of the surroundings of the cylin
der. Strips of productC separate the areas occupied by
materialsA andB. These strips are pulled along the un-
stable manifold of the chaotic saddle behind the cylinde
This implies again that the reaction essentially takes plac
along this manifold. After a short transient, a saturation
501
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FIG. 2. The area occupied byB in the steady state scales a
Ap

B , s22D0 at different values of the time lagt (±, t  1;
p, t  2; 1, t  3) with D0  1.64, which is in good
agreement with the fractal dimension of the unstable manifo
of the reaction free flow. Several runs were carried out wi
different s  ´0.

has been observed in the number ofB or C particles on the
stroboscopic map.

Next, we present atheory,valid for not too large time
lags, which supports these observations. For simplici
we treat the autocatalytic reactionA 1 B ! 2B only.
Let Asnd

B
std denote the area occupied byB inside the

mixing region. Heret [ f0, tg is the time after thenth
reaction, and the total physical time isnt 1 t. During
the time intervalt, only advection takes place, andAsnd

B
std

decreases with the escape ratek of the chaotic saddle. If
the material is distributed along sufficiently narrow strip
around the unstable manifold att  0, dAsnd

B
stdydt is

proportional tokAsnd
B

std, and the area occupied byB at
the end of the intervalt is Asnd

B
std  Asnd

B
s0de2n . At

this time instant, a sudden reaction takes place, and
area ofB becomes

A
sn11d
B s0d  A

snd
B std 1 Rsn11d, (1)

FIG. 3. Collisional reaction at timen  2 (before the reac-
tion). Initially the flow consisted of materialA, into which
reagent B was introduced along a line segmentx  22,
20.05 , y , 0.05 (s  ´0  0.01, t  0.05). White de-
notes the backgroundA, grey is B, while black is the
productC.
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whereRsn11d is the amount of reagentB appearing in the
sn 1 1dst reaction. The reaction takes place along the bo
derline between materialsA and B. Let L denote the
length of this borderline. The newly bornB territory
is then of areaL s. A sufficiently long time after the
onset of reaction the area ofB is pulled into strips of
more or less constant widths along the unstable manifol
Let ´sndstd denote the average width of the strips. By
covering the full area occupied byB at any time instant
by squares of linear sizé, the number of boxes needed
for this coverage behaves asNs´d  H ´2D0 for ´ $

´sndstd. Here,H is the Hausdorff areaof the manifold
of dimensionD0. The area ofB is thenAB  H ´22D0 .
Since the number of boxes covering the perimeter
proportional toNs´d due to the filamentary structure, the
length of the borderline separatingA andB is, at the same
instant of time,L  cH ´12D0 . Here, c is a number
incorporating information about theshapeof the fractal, a
quantity which might depend onn but, if so, it is periodic
with the period of the flow. By eliminatinǵ, we obtain
that the perimeter length and the mass are related to ea
other via a power law:L  cH 1ys22D0dA

2b
B with b 

sD0 2 1dys2 2 D0d. Since the manifold’s dimension lies
between1 and2, the exponentb is positive. The reaction
term in (1) is then

Rsn11d  sL  scH 1ys22D0dA
snd
B std2b . (2)

Thus we conclude that the reaction term contains anega-
tive power of the area occupied byB. The lessB material
present, the more effective the reaction is, because t
resolved perimeter is the larger. Thissingular behavior
is due entirely to the fractality of the manifold, and it
disappears for smooth manifolds (nonchaotic flows) whe
D0  1. Therefore, the reaction equation (1) becomes

A
sn11d
B  A

snd
B e2n 1 sce2nA

snd2b
B , (3)

where we have used the rescalingAsnd
B

stdyH ! Asnd
B

to
eliminate the dependence on the Hausdorff area. This
a recursion (a discrete dynamics) forAsnd

B
, expressing the

amount ofB before thesn 1 2dnd reaction in terms of the
amount before thesn 1 1dst reaction. Since the map is
one dimensional and strongly dissipative, it must posse
attractors, in spite of the Hamiltonian particle dynamics
The advection by the flow (first term) and the reactivity
(second term) are in permanent competition.

In steady states of the active process the two competitiv
terms balance each other. Ifc is constant, a fixed point
A

p
B is found for the area occupied byB. It is easy to

check that this fixed point is the only attractor. In the
more general case whenc is periodic with the period of
the flow, a limit cycle is the attractor. In other words,
the active process becomessynchronizedto the underlying
flow. The area occupied byB in the steady state turns
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out to be proportional toss22D0d, in accordance with the
numerical observations (cf. Fig. 2).

The time-continuous case can be obtained in the lim
t ! 0, s ! 0 by keepingsyt constant. The discrete
time mapping (3) becomes a differential equation:ÙAB 
2kAB 1 cyrA

2b
B . Here AB denotesAstytd

B
, and

syt ! yr represents thevelocity of the reaction front.
For D0  1 the differential equation describes a classic
surface reaction along a line with front velocityyr in the
presence of escape. For1 , D0 , 2 it represents a novel
form of reaction equations containing also a negativ
power of concentration due to the fractality of the unstab
manifold. Such processes are generalizations of class
surface reactions. [13]. In order to observe fractal pa
terns, the average coverinǵp  csyn must be much less
than unity. This impliesyr ø k, i.e., a reaction being
slowon the characteristic scales of advection.

In conclusion, we have shown that active process
among advected particles lead to nontrivial distribution
of products in open flows with asymptotic simplicity. The
unstable manifold of the passive dynamics’ chaotic sadd
is the backbone for such processes. The product partic
(and other components) accumulate along this fractal se
they fatten it up. (The inclusion of a weak molecular diffu
sion, leading to a random walk superimposed to the det
ministic advection, would result in a further slight fattenin
up, in a renormalization ofs and´p.) As a consequence,
the distribution of products is singularly enhanced, i.e.,the
fractal manifold acts as a catalyst for the active proces.
The latter is governed by a reaction equation different fro
conventional ones and contains a singular dependence
the concentrations due to the chaotic and fractal prop
ties of the flow. The competition between advection an
production typically leads to a steady state distribution sy
chronized to the flow’s temporal behavior. These featur
are independent of the particular models used. In vie
of the fact that chaotic advection is generic, our finding
should be valid for general active processes, including r
alistic chemical and biological reactions in environment
flows. They might also shed new light on the couplin
between population or chemical dynamics and imperfec
mixed hydrodynamical flows [11].
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